Abstract. Perturbation theory of rotating black holes is described in terms of the Weyl scalars ψ 4 and ψ 0 ; each satisfying the Teukolsky's complex master wave equation and respectively representing outgoing and ingoing radiation. We explicitly construct the metric perturbations out of these Weyl scalars in the Regge-Wheeler gauge in the nonrotating limit, and discuss the approach for building up the perturbed spacetime of a rotating black hole. We also provide both-way relationships among waveforms defined in the metric and curvature approaches in the time domain, also known as the (inverse-) Chandrasekhar transformations, generalized to include matter.
Introduction
There is a formulation of the perturbation problem derived from the Newman-Penrose formalism [17] that is valid for perturbations of rotating black holes. [22] This formulation fully exploits the null structure of black holes to decouple the curvature perturbation equations into a single master wave equation that, in Boyer-Lindquist coordinates (t, r, θ, ϕ), can be written as:
where M is the mass of the black hole, a its angular momentum per unit mass, s the spin of the perturbation, Σ ≡ r 2 +a 2 cos 2 θ, and ∆ ≡ r 2 −2Mr+a 2 . The source term T is built up from the energy-momentum tensor [22] . Gravitational perturbations, corresponding to s = ±2, are compactly described in terms of contractions of the Weyl tensor with a null tetrad. The components of the tetrad (also given in Ref. [22] ) are appropriately chosen along the repeated principal null directions of the background spacetime [see Eq. 
where an overbar means complex conjugation and ρ K is given in Eq. (5) below. Asymptotically, the leading behavior of the field Ψ represents either the outgoing radiative part of the perturbed Weyl tensor, (s = −2), or the ingoing radiative part, (s = +2).
The components of the Boyer-Lindquist null tetrad for the Kerr background are given by
(n K α ) = 1 2 (r 2 + a 2 cos 2 θ) r 2 + a 2 , −∆, 0, a ,
(m K α ) = 1 √ 2(r + ia cos θ) (ia sin θ, 0, 1, i/ sin θ) .
One can also define directional derivatives as
With the above choice of the tetrad the non-vanishing spin coefficients are (where an overbar stands for complex conjugation)
and the only non-vanishing Weyl scalar in the background is
As we mentioned above the Weyl scalars ψ 4 and ψ 0 allow to directly compute the radiation escaping to infinity and going down the horizon. The time-domain formulation is particularly well suited for interfacing with full numerical relativity techniques [4, 1, 5, 2, 3]. There are, however, other physical phenomena of interest such as the self-force on a particle orbiting the hole [13] , studies of the horizon structure, and second order perturbations [7] , that require the computation of the metric perturbations.
Starting from the pioneering work of Chzranowski [9] there is a series of papers [12, 23, 21, 18] dealing with the problem of metric reconstruction by the introduction of a potential that satisfies the Teukolsky equation, but it is neither the ψ 4 or ψ 0 corresponding to the physical situation under study.
The problem of relating the potentials introduced to describe the radiation gauges and ψ 4 or ψ 0 has been recently studied in [15] . The results are explicitly given for vacuum metric perturbations on the nonrotating black hole background.
In this paper we will present the metric reconstruction in the Regge-Wheeler gauge, also for nonrotating background, but allowing for source terms, bearing in mind the applications to the radiation reaction problem.
Weyl Scalars
Chrzanowski [9] , related the perturbed Weyl scalars to metric perturbations
and
where h nn = n µ n ν h µν , h lm = l µ m ν h µν , etc. Many simplifications are possible in the analysis when the background has spherical symmetry. In the Schwarzschild black hole case expressions (7)-(8) reduce to
where f = 1 − 2M/r and f ′ = 2M/r 2 . The imposition of spherical symmetry also carries the following computational advantage: the multipole decomposition of the metric perturbations in terms of spinweighted harmonics −2 Y ℓm (θ) can be performed [19, 16] , and even and odd parity perturbations decouple so they can be considered independently. Below we shall decompose all metric perturbations in multipoles with (implicit) index ℓm (not to be confused with the tetrad vectors).
From Eq. (9) and (10) in the Regge-Wheeler gauge (h
3. Explicit solution in the Regge-Wheeler gauge
Even parity
Let us define
So,
From Eqs. (14) and (15) we can obtain the ℓm components of the metric perturbations as follows
The Hilbert-Einstein's equations in the Regge-Wheeler gauge, Eq. (A.12) give,
where F ℓm is a source term given in Table III 
This form of the metric coefficient K ℓm , involves second derivatives of the Weyl scalars. One can consider an alternative integral form (on the hypersurface t = constant) form derived Eq. (A.12)
It is worth mentioning here that if the source is modeled as a particle (represented by a Dirac's Delta) this metric coefficient are continuous (C 0 ) for headon collisions [13] . However, for more general orbits they do not all appear to be continuous but some of them behave as a Dirac's Delta.
Odd parity
From Eq. (11) and (12), we get
A linear combination of this previous equations produces
From Eq. (A.17) we can substitute ∂ t h 0 into Eq. (23) leading to the equation
which integrated gives
Where C 1 is an integration constant, that in vacuum and with vanishing ψ 0 and ψ 4 can be interpreted as giving an algebraic special perturbation.
Knowing now the form of h 1 we can use Eq (24) to find a differential equation for h 0
with solution
Again, C 0 is an integration constant, that in vacuum and with vanishing ψ 0 and ψ 4 can be interpreted as giving an algebraic special perturbation. This completes the work of expressing the metric perturbations in terms of the computed ψ 0 and ψ 4 expressed in the time domain. For the even parity case it contains second derivatives of the Weyl scalars (unlike the corresponding expressions for the radiation gauge [15] .) For the odd parity case, solutions (28) and (26) are written in an integral form.
Discussion of Kerr perturbations
A possible generalization of the Regge-Wheeler gauge for spherically symmetric backgrounds, but where perturbations are not decomposed into multipoles is [6] (sin θ)
The first equation above leads to the condition G ℓm = 0. The second gives then 
Note that requesting that real and imaginary parts vanish contains both conditions. Obviously,
also holds. From Ref. [22] , Eq. (2.11), we have the following identity
and the identity derived from it exchanging tetrads l → n and m → m.
Using p = 2 and q = 0 in the above identities allows us to rewrite Eqs. (7) and (8) as
This suggest to complete the choice of the generalized Regge-Wheeler gauge as
Where ℜ is the real part. This choice allows to set to zero the second derivatives terms of h (lm) and reproduce Eqs. (31)-(32) in the Schwarzschild limit. A further simplification of the expressions can be achieved by choosing the background tetrad such that we treat ψ 4 and ψ 0 on the same footing. Thus, allowing simple linear combinations of the sort ψ 
With the above choice of the tetrad the spin coefficients are (where an overbar stands for complex conjugation)
The Weyl scalars computed with the Symmetric tetrad relate to those computed with the Kinnersley tetrad as follows
Further progress could be made by writing explicitly the Newman-Penrose equations in terms of metric perturbations. This is left for future research.
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Appendix A. Hilbert-Einstein equations in the Regge-Wheeler gauge
Because of some misprints in the original Zerilli's paper [24] we reproduce here the relevant equations for our discussions (See also Ref. [20] ).
The metric perturbations on a Schwarzschild background
can be decomposed into spherical harmonics [24] 
2) for the even parity modes.
And
3) for the odd parity modes.
Above we used Zerilli's notation
We also introduce Zerilli's λ = (ℓ − 1)(ℓ + 2)/2. (A.7)
Appendix A.1. Even Parity
Zerilli's (C7a)-(C7g) with corrections
ℓm , (A.11)
ℓm , (A.13)
. Odd Parity
The Einstein equation in the Regge-Wheeler gauge for the odd parity sector (See Zerilli's [25] equations (C6a)- (C6c)) [Note the corrections to the source terms]
where
ℓm , Q ℓm and D ℓm give the multipole decomposition of the energy-momentum tensor (See Table A1 ). Table A1 gives the source terms after decomposition of the Stress-Energy Tensor into tensor harmonics. There U 0 (t) = dt/dτ , is the zeroth component of the four-velocity of the particle and Ω p (t) is its angular location. 
This is related to Zerilli's [25] even parity waveforms ψ even Zer by
where for an orbiting particle [25] A (1) 
and 
These equations together with
give us all metric perturbations on the chosen hypersurface in terms only of ψ ℓm even and ∂ t ψ ℓm even (and the source). (See also Ref. [11] for general source expressions)
For the specific case of interest of a pointlike particle we have
(B.11) and 
and to the Cunningham et al [10] waveform ψ G by
And very close to the Weyl scalar ImΨ 2
[Here we used the Kinnersley tetrad, in the Schwarzschild background, and decomposed Ψ 2 into spherical harmonics]. One can use the field equations to write the metric perturbation in the ReggeWheeler gauge
For a source term represented by a particle the corresponding metric perturbations in the Regge-Wheeler gauge are
and R(t), Θ, Φ define the trajectory of the orbiting particle in spherical coordinates.
Appendix C. (Inverse) Chandrasekhar transformations in the time domain
Chandrasekhar transformations deal with the expressions that relate the waveforms in the metric perturbation picture (Regge-Wheeler and Zerilli's) and the Weyl scalars that describe the curvature perturbations (Teukolsky's). Chandrasekhar [8] found the transformations in the frequency domain. Those expressions can be generalized to the time domain to describe local transformations, and take into account matter terms such as a particle. Below we give the explicit expressions for the transformations (we drop the (ℓm) super-index in the waveforms for the sake of notational simplicity.)
Appendix C.1. From Waveforms to Weyl scalars
To obtain the Weyl scalars from the waveforms (B.1) and (B.16) for even and odd parity respectively we simply substitute into Eqs. (14), (15), (21), and (22) 
